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a b s t r a c t
For structural optimization problems, such as the weight minimization of steel framed structures, the
sizing design variables are often defined as the cross-sectional areas of the members, which are to
be chosen from commercially available tables such as those provided by the American Institute of
Steel Construction. Alternatively, the cross-section dimensions, bf , tf , d and tw (which may be discrete
or continuous) can be defined independently for each profile. This paper discusses the structural
optimization problem of framed structures involving sizing design variables where a special genetic
algorithm encoding is proposed in order to establish a strategy to discover ideal member grouping of
members. Advantages in fabrication, checking, assembling, and welding, which are usually not explicitly
included in the cost function, are thus expected. The adaptive penaltymethod (APM)previously developed
by the authors is applied to enforce all other mechanical constraints considered in the structural
optimization problems discussed in this paper.
© 2010 Elsevier Ltd. Open access under the Elsevier OA license.1. Introduction
It is a common simplifying practice in structural optimization to
group certain sizing variables (associated with members carrying
out a similar function, for instance) into a single design variable.
This is also done when symmetry conditions are to be imposed in
the final design. In both cases, the total number of design variables
is decreased, leading to a computationally less expensive problem.
In a weight minimization problem, for instance, when N
sizing variables are defined, the optimum solution will likely
display N different values. As N grows, the cost of the material
used in the optimum solution decreases, but the difficulty of
the corresponding search problem also grows. Besides that,
Templeman [1] has pointed out that this cost does not include the
economies of bulk purchasing or fabrication arising from the use
of a smaller number of different sizes or types, which are far more
difficult to quantify.
It is then clear that such a grouping procedure affects the
final results and that its effectiveness depends crucially on the
designer’s skill in allocating members/variables to a group.
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Open access under the Elsevier OA license.As a result, it would be advantageous to the designer to be able
to [2]:
1. limit the number of different design parameters (such as cross-
sectional areas) in order to (a) achieve economies of bulk
purchasing/fabrication, and (b) simplify construction,
2. leave to the optimizer algorithm the task of deciding how to
group members and/or design variables, and
3. achieve the best possible solution within the available compu-
tational budget.
Objectives 1 and 2 can be achieved by introducing a cardinality
constraint as shown in [2]. A cardinality constraint arises naturally
in structural optimization when the designer, faced with the task
of selecting from a large set of commercial profiles (AISC tables, for
example), wishes to employ a reduced number of distinct profiles.
The experiments conducted in this paper involve the structural
configuration of frames and we will consider mc and mg as the
maximum number of distinct cross-sections for the columns and
girders, respectively, which will be defined by the user as input
data.
Objective number 3 can only be attained with a careful
formulation of the optimization problem on the part of the
designer. He or she should initially group certain design variables
in order to enforce the desired symmetries or any other required
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would then judiciously apply the cardinality constraints.
The present paper proposes a special genetic algorithm
encoding which extends the one presented in [2] by allowing
for multiple cardinality constraints, in order to better search
for the optimal member grouping in structural optimization
problems. Here, independent cardinality constraints can be
enforced for different sets of design variables in the same structural
optimization problem.
Multiple cardinality constraints are applied to problems of
weight minimization of steel frames considering an upper bound
mg for girders and another, mc , for columns. The results obtained
show the advantages of using multiple cardinality constraints in a
given structural optimization problem.
The adaptive penalty method (APM) proposed in [3], applied
to structural optimization problems in [4,2], and also used by
other researchers [5–7] is applied to enforce all other mechanical
constraints (stresses, displacements, and buckling) considered
in the numerical experiments, while the multiple cardinality
constraints will be automatically enforced by the proposed
encoding.
The remainder of the paper is organized as follows. Section 2
describes the structural optimization problem. Section 3 presents
the proposed special encoding supporting multiple cardinality
constraints. Section 4 details the adaptive penalty technique used
to handle the mechanical constraints. Section 5 discusses two
numerical experiments and, finally, the conclusions are presented
in Section 6.
2. The structural optimization problem
The standard constrained optimization problem in Rn consists
in theminimization of a given objective function f (x), where x ∈ Rn
is the vector of design/decision variables, subject to inequality con-
straints gp(x) ≥ 0, p = 1, 2, . . . , p¯ as well as equality constraints
hq(x) = 0, q = 1, 2, . . . , q¯. Additionally, the variablesmay be sub-
ject to bounds xLi ≤ xi ≤ xUi , but this type of constraint is trivially
enforced in a GA and does not require further consideration.
The constrained optimization problem of concern here also
includes discrete variables, that is, some components of x ∈ Rn
are further constrained to assume values belonging to a given
discrete set. Weight minimization of framed structures will be
considered here and the problem reads: Find the set of areas x =
{A1, A2, . . . , AN}which minimizes the volume of the structure
f (x) =
N−
i=1
Aili, (1)
where li is the length of the ith member of the frame and N is
the number of members. The most common constraints are stress
constraints:
|σi|
σmax
− 1 ≤ 0, i = 1, 2, . . . , pσ (2)
where σi is the stress at the ith member and σmax is the maximum
allowable stress. Displacement constraints can also be considered:
|dj|
dmax
− 1 ≤ 0, j = 1, 2, . . . , pd (3)
where dj is the displacement at the jth global degree of freedom,
dmax is the maximum allowable displacement, and pσ + pd =
p¯. Additional constraints such as a minimum natural vibration
frequency or buckling stress limits can also be included.
2.1. The standard sizing design variables
For a structural optimization problem, such as the weight
minimization of steel framed structures, the sizing design variables
can be defined by the cross-sectional areas of the members.Fig. 1. Cross-section of Type 2.
Two possibilitieswill be considered here. In the first one, the cross-
sections are to be chosen, for example, from those provided by
the American Institute of Steel Construction (AISC) tables. During
the optimization process a certain entry of the table is assigned by
an index (discrete design variable), that indicates a set of section
characteristics, such as flange width, web thickness, area, and
moments of inertia.
In the second one, the dimensions of the cross-section, such as
bf , tf , d, and tw (see Fig. 1), which can be discrete or continuous,
are defined independently for each profile.
Numerical experiments will be conducted in order to discuss
the proposed special encoding – which supports multiple cardi-
nality constraints – searching for the best member grouping.
2.1.1. Cross-section of Type 1
This case corresponds to a cross-section that is defined by a
pointer indicating the ith entry of a table of available profileswhich
returns the properties of the selected cross-section, i.e., flange
width bfi , flange thickness tfi , depth di, web thickness twi , cross-
sectional area Ai, andmoments of inertia Ixi , Iyi . Using profiles from
available commercial tables, such as those proposed by AISC, only
one index is necessary to choose a profile, and in the experiments
conducted in this paper a subset of 64 AISC profiles, presented in
Table 1, will be used. If the members are linked in NG groups then
the total number of discrete design variables is equal to NG.
2.1.2. Cross-section of Type 2
Fig. 1 shows the design variables for this case: the flange width
bf , the flange thickness tf , the depth d and theweb thickness tw . The
optimization problem searches for four independent sizing design
variables that define each cross-section type. If the members of
the structure are grouped into NG groups, then the total number of
design variables is equal to 4×NG. It is important to notice that the
design variables in this case can be continuous, discrete, or mixed.
In the numerical experiments performed here, the discrete sets
and continuous ranges for each cross-section sizing variable (bf , tf ,
d, and tw) are displayed in Table 2.
3. The proposed encoding
The proposed encoding is an extension of that previously pre-
sented in [8,2], and is designed so that all candidate solutions in the
evolutionary process satisfy multiple cardinality constraints. For
explanatory purposes, assume that a maximum of 2 independent
types for the girders and two independent types for the columns
in a given planar frame structure, are to be used in a given design
problem. Assume further that the problem has 18 design variables.
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A subset of the AISC tables for ‘‘W’’ shapes, with 64 entries, used in the numerical experiments.
Index Profile Index Profile Index Profile Index Profile
1 W18× 60 17 W21× 101 33 W14× 38 49 W14× 193
2 W18× 65 18 W21× 111 34 W14× 43 50 W14× 211
3 W18× 71 19 W21× 122 35 W14× 48 51 W14× 233
4 W18× 76 20 W21× 132 36 W14× 53 52 W14× 257
5 W18× 86 21 W21× 147 37 W14× 61 53 W14× 283
6 W18× 97 22 W24× 55 38 W14× 68 54 W14× 311
7 W18× 106 23 W24× 62 39 W14× 74 55 W14× 342
8 W18× 119 24 W24× 68 40 W14× 82 56 W14× 370
9 W21× 44 25 W24× 76 41 W14× 90 57 W14× 398
10 W21× 50 26 W24× 84 42 W14× 99 58 W14× 426
11 W21× 57 27 W24× 94 43 W14× 109 59 W14× 455
12 W21× 62 28 W24× 104 44 W14× 120 60 W14× 500
13 W21× 68 29 W24× 117 45 W14× 132 61 W14× 550
14 W21× 73 30 W24× 131 46 W14× 145 62 W14× 605
15 W21× 83 31 W24× 146 47 W14× 159 63 W14× 665
16 W21× 93 32 W24× 162 48 W14× 176 64 W14× 730Table 2
Definition of the search spaces.
Design variables Columns Girders
Discrete set Continuous range Discrete set Continuous range
bf [6.5, 6.85, 7.20, . . . , 17.35] [6.5, 17.35] [7.0, 7.18, 7.36, . . . , 12.58] [7.0, 12.58]
tf [0.5, 0.65, 0.80, . . . , 5.15] [0.5, 5.15] [0.64, 0.66, 0.68, . . . , 1.26] [0.64, 1.26]
d [14.0, 14.26, 14.52, . . . , 22.06] [14.0, 22.06] [18.0, 18.22, 18.44, . . . , 24.82] [18.0, 24.82]
tw [0.30, 0.31, 0.32, . . . , 3.4] [0.30, 3.4] [0.41, 0.42, 0.43, . . . , 0.72] [0.41, 0.72]Fig. 2. Chromosome for the continuous case, considering a cross-section of Type 2, adoptingmg = 2 andmc = 2.3.1. Cross-section of Type 1
Assuming that one has a set of 64 cross-sections from the AISC
(Table 1), the encoding proposed here leads to a string of variables
(chromosome) in the form:
type(1)g type(2)g type(1)c type(2)c pt(1) pt(2) . . . pt(18)
where type(i)g and type(i)c take values from the set {1, 2, . . . ,
64}, and are pointers to the (at most) two different sizes allowed
to be chosen from the given table of 64 available sizes
table(1), table(2), . . . , table(64).
The final section of the chromosome
pt(1), pt(2), . . . , pt(18),
contains the pointers pt(i) ∈ {1, 2} to one of the 2 corresponding
types (girder or column) listed in the beginning of the chromosome
for each one of the 18 design variables/cross-sectional areas. The
type(i)g and type(i)c correspond to the distinct types for the
girders and columns, respectively. As a result, the area of the ith
member in the structure is given by
area(i)g= table(type(pt(i))g) or
area(i)c= table(type(pt(i))c)
if the member corresponds to a girder or a column, respectively.In Fig. 2 the profiles for the girders from (type(1)g type(2)g)
point to the indexes 32 and 14 assigning the profiles type W24 ×
162 and W21 × 73, respectively. For the columns, the indexes
26 and 8 point to the profiles type W14 × 426 and W14 × 82,
respectively. The section properties of each one of the profiles are
detailed in Fig. 2.
3.2. Cross-section of Type 2
In this case, each cross-section sizing variable (bf , tf , d, and tw)
has to be found in order to completely define the cross-section to
be used. Also, both the discrete and the continuous case can be
supported by the proposed encoding.
3.2.1. The discrete case
Assuming that 32 values are available for each one of the cross-
section sizing variables (bf , tf , d, and tw), the proposed encoding
leads to the chromosome illustrated in Fig. 3. It has two groups
of variables (type(1)g, type(2)g), for the girders and two groups
(type(1)c, type(2)c), for the columns. Each one of these groups
has four independent indexes that point to the values of the tables
that return bf , tf , d and tw thus completely defining a profile. In
this example there are two profiles for the girders and two profiles
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for girders and columns, respectively. Each one of these profiles
can be used for each design variable in the second part of the
chromosome from the 17th to the 34th position. From the 17th to
the 22th position the pointers correspond to the groups of girders
and from the 23rd to the 34th position the pointers correspond to
the groups of columns. As a result, the variable in the 17th position
(group of girders), presenting a value equal to 2 points to type(2)g
that corresponds to the profile 2 (Fig. 3) with bf = 11.86 in., tf =
0.70 in., d = 21.08 in., and tw = 0.52 leading to a cross-sectional
area A = 26.84 in.2, moment of inertia Ix = 2055.06 in.4, and
section modulus S = 194.98 in.3. These values are also used by
the third (position 19) and fourth (position 20) groups of girders.
In the same way, the variable in the 23rd position (group of
columns), presenting a value equal to 1 points to the type(1)c
that corresponds to the profile 1 (Fig. 3) with bf = 15.95 in, tf =
1.25 in., d = 16.6 in., and tw = 2.5 leading to a cross-sectional
area A = 75.13 in.2, moment of inertia Ix = 1401.08 in.4, and
sections modulus S = 168.8 in3. These values are also used by the
column groups coded in the positions 26, 27, 29, 30, 33, and 34.
3.2.2. The continuous case
For the continuous case, the chromosome structure proposed
here is as follows (Fig. 4):
size(1)g size(2)g size(1)c size(2)c pt(1) pt(2) . . . pt(18).
The block size(i) is actually a set of four continuous values
of the design variables bf , tf , d and tw , each one of them within
its corresponding range. Thus, for each one of the size(i) it is
possible to define a profile, for the girders and for the columns.
The first set of eight genes, on the left side of the chromosome,
defines the profiles 1 and 2 to be pointed to by design variablescorresponding to girder members on the right side of the chromo-
some, whereas the second set of eight genes defines the profiles 1
and 2 to be pointed to by the variables corresponding to the column
members on the right side of the chromosome. As a result, for the
candidate solution encoded in Fig. 4, the profiles generated for the
girders, from (size(1)g size(2)g), present the section properties:
A = 26.1 in.2, Ix = 1479.2 in.4, Sx = 150.17 in.4, for the profile
1 (bf = 11.5 in., tf = 0.7 in., d = 19.7 in. and tw = 0.52 in.) and
A = 25.02 in.2, Ix = 1710 in.4, Sx = 177.2 in.4, for the profile
2 (bf = 11.1 in., tf = 0.8 in, d = 19.3 in. and tw = 0.41 in.),
respectively.
The profiles generated for the columns, from (size(1)c
size(2)c) present the section properties: A = 42.15 in.2, Ix =
2054.83 in.4, Sx = 224.57 in.4, for the profile 1 (bf = 11.5 in., tf =
0.9 in., d = 18.3 in and tw = 1.3 in.) and A = 54.82 in.2, Ix =
3468.71 in.4, S = 330.35 in.4, for the profile 2, (bf = 12.1 in., tf =
1.1 in., d = 21.0 in. and tw = 1.5 in.), respectively.
4. Handling the other constraints
In order to take the constraints into consideration in an
evolutionary algorithm, several procedures can be found in the
literature [3]. Among them, a parameter-less adaptive penalty
scheme introduced in [3] APM (Adaptive PenaltyMethod) has been
chosen due to its simplicity and good performance.
Defining the amount of violation of the jth constraint by the
candidate solution x as
vj(x) =
|hj(x)|, for an equality constraint,
max{0,−gj(x)} otherwise
it is common to design penalty functions that growwith the vector
of violations v(x) ∈ RM where M = p¯ + q¯ is the number of
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as
F(x) =

f (x), if x is feasible,
f (x)+
M−
j=1
kjvj(x) otherwise
(4)
where
f (x) =

f (x), if f (x) > ⟨f (x)⟩,
⟨f (x)⟩ otherwise (5)
and ⟨f (x)⟩ is the average of the objective function values in the
current population.
The penalty parameter is defined at each generation by:
kj = |⟨f (x)⟩| ⟨vj(x)⟩M∑
l=1
[⟨vl(x)⟩]2
(6)
and ⟨vl(x)⟩ is the violation of the lth constraint averaged over the
current population. The idea is that the penalty coefficients should
be distributed in such a way that those constraints which are more
difficult to be satisfied should have a relatively higher penalty
coefficient.
The information collected by themethod is used as an indicator
of which would be the most difficult constraints to satisfy at a
certain point of the evolutionary process. The constraints which
have a higher level of violation in the current population are
assumed to be more difficult to be satisfied and receive a higher
penalty coefficient.
With the proposed definition one can prove [3] that an
individual x˜ whose jth constraint violation equals the average of
the jth constraint violation in the current population for all j, has
its fitness value given by:
F(x˜) =

f (x˜)+ |⟨f (x)⟩| if f (x˜) > ⟨f (x)⟩
⟨f (x)⟩ + |⟨f (x)⟩| otherwise.
In the weight minimization problem for framed structures the
objective function is defined by Eq. (1). When the jth constraint is
a stress constraint in a given member or a displacement constraint
one has, respectively,
vj =
[ |σj|
σmax
− 1
]+
or vj =
[ |dj|
dmax
− 1
]+
(7)
where [x]+ = x, if x is positive, and zero otherwise. The fitness
function is finally defined from Eqs. (4), (1), (7), (5) and (6). More
details of APM can be found in Refs. [3,4].
5. Numerical experiments
In this section, a binary-coded GA with the special encoding
supporting multiple cardinality constraints is applied to two
structural optimization problems.
The GA used here adopts a rank-based selection scheme which
operates on the population sorted according to the values of the
fitness function, i.e. better solutions have higher rank. For weight
minimization problems, candidate solutions with lower weight
will have a higher rank. Individuals in the population are then
selected with a probability that grows linearly with the rank. The
best element is always copied into the next generation (elitism)
along with one copy where one randomly chosen bit has been
changed.
The recombination of the genetic material of the selected ‘‘par-
ent’’ chromosomes in order to generate the offspring chromo-
somes will be performed here by means of the standard two-pointFig. 5. A preliminary example—a 2-bay 6-story frame.
crossover operator applied with probability equal to 0.8. The two
randomly chosen points of crossover are not constrained; they can
fall in any position of the chromosome potentially introducing two
new values for the variables encoded in the region which contain
the cut points.
With a givenmutation rate (pm = 0.03was adopted) themuta-
tion operator is applied to each bit in the offspring chromosomes.
These values have been previously used [4,8,2], in structural opti-
mization problems and will be applied here to all examples. Since
our focus is to explore the special encoding proposed in this paper,
no attempt has been made in fine tuning the GA’s parameters.
In all experiments 20 independent runs were performed using
a population size equal to 100 individuals which were randomly
initialized. In the first experiment (a 2-bay 6-story frame), the
maximum number of generations was set to 800 whereas in the
second experiment (a 4-bay 30-story frame) this number was
increased to 1500. The results presented correspond to the best
solution found among the 20 independent runs. For the continuous
design variables the number of bits was set equal to 10 and no
type of adjusting was attempted in order to discover the adequate
number of bits that leads to better solutions.
5.1. The 2-bay 6-story planar frame
The first structural optimization problem is proposed in order
to analyze the results considering cross-sections of Types 1 and
2 described previously for the discrete and continuous cases. A
preliminary analysis is performed without any consideration of
cardinality constraints, and then a discussion is conducted in order
to check the advantages of usingmultiple cardinality constraints in
order to find structural configurations better than those reached in
the previous analysis.
The structure is a planar frame made up of 30 members as
depicted in Fig. 5, subjected to weight minimization. Themembers
are linked in 18 groups (NG = 18), as shown in Table 3. The first
six variables (A1 to A6), correspond to the girders and the others
(A7 to A12), to the columns. There is only one load condition
corresponding to horizontal loads in the positive x direction at
the nodes 1, 4, 7, 10, 13, and 16 equal to 10 kips and a uniform
distributed load of 0.5 kips/in. in the negative y direction at the
members 1, 2, 6, 7, 11, 12, 16, 17, 21, 22, 26, and 27. The constraints
require that the maximum axial and bending stresses, σ¯a and σ¯b,
respectively, remain in the interval [−19.8, 19.8] ksi. The yield
stress is set equal to σy = 36 ksi. The maximum displacements in
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Member grouping for the 2-bay 6-story frame.
Group Members Group Members Group Members
A1 1, 2 A7 3, 5 A13 4
A2 6, 7 A8 8, 10 A14 9
A3 11, 12 A9 13, 15 A15 14
A4 16, 17 A10 18, 20 A16 19
A5 21, 22 A11 23, 25 A17 24
A6 26, 27 A12 28, 30 A18 29
Table 4
The 2-bay 6-story frame: discrete case using the cross-section of Type 1. The final
weight achieved is equal to 34525.151 lbs.
Group A S bf tf d tw
Girders
A1 20.10 154.235 8.965 0.586 23.73 0.415
A2 20.10 154.235 8.965 0.586 23.73 0.415
A3 22.40 175.585 8.990 0.680 23.92 0.440
A4 24.30 170.789 8.355 0.835 21.43 0.515
A5 24.70 196.680 9.020 0.771 24.10 0.470
A6 24.70 196.680 9.020 0.771 24.10 0.470
A7 20.00 102.991 10.035 0.720 14.04 0.415
Columns
A8 17.90 92.153 9.995 0.645 13.89 0.375
A9 26.50 142.511 14.520 0.710 14.02 0.440
A10 26.50 142.511 14.520 0.710 14.02 0.440
A11 32.00 173.184 14.605 0.860 14.32 0.525
A12 35.30 190.608 14.670 0.940 14.48 0.590
A13 12.60 62.665 7.995 0.530 13.66 0.305
A14 20.00 102.991 10.035 0.720 14.04 0.415
A15 26.50 142.511 14.520 0.710 14.02 0.440
A16 35.30 190.608 14.670 0.940 14.48 0.590
A17 46.70 253.672 15.565 1.190 14.98 0.745
A18 56.80 310.078 15.710 1.440 15.48 0.890
the xdirection are limited up0.05hwhere h is the distance from the
ground to the level of the respective node. Thematerial has density
equal to 0.283 lb/in.3 and Young’s modulus is equal to 30000 ksi.
The constraints in stresses can be defined as:
σa
σ¯a
+ σb
σ¯b
≤ 1.0 if σa
σ¯a
≤ 0.15 and
σa
0.6σy
+ σb
σ¯b
≤ 1.0 if σa
σ¯a
> 0.15.
Several experiments are conducted in this first example consider-
ing different possibilities for choosingmember cross-section types.
5.1.1. The discrete case using the cross-section of Type 1
The first discrete case corresponds to finding the values of
the design variables, from a subset made up of 64 values (32
for the girders and 32 for the columns) presented in Table 1, in
order to minimize the weight of the structure. The columns are to
be selected from the profile type W14 and the girders from the
profiles W18, W21 and W24. The total number of sizing design
variables is equal to 18, and the results are shown in Table 4.
5.1.2. The discrete and continuous cases using the cross-section of
Type 2
A second discrete case is considered where each of the 4
independent design variables (bf , tf , d, and tw) of the cross-section
of Type 2 (Fig. 1) is to be chosen from a set of 32 values displayed in
Table 2. Since the 30members of the frame are linked in 18 groups
(6 girder types and 12 column types), the total number of design
variables is equal to 4× (6+ 12) = 72 sizing design variables.
In the continuous case, the 4 independent design variables of
the cross-section of Type 2 (Fig. 1) are to be found in the ranges
given in Table 2. As in the discrete case, the total number of design
variables is equal to 4× (6+ 12) = 72 design variables.Table 5
The 2-bay 6-story frame: sizing design variables, bf , tf , d, tw , for the second discrete
case. The final weight achieved is equal to 36055.921 lbs. A is the cross-sectional
area of the members (in.2) and S is the section modulus (in3).
Group A S bf tf d tw
Girders
A1 20.031 151.898 7.900 0.700 23.28 0.41
A2 21.470 139.352 9.160 0.800 18.22 0.41
A3 21.011 156.682 8.260 0.740 22.40 0.42
A4 24.353 171.662 8.800 0.660 23.28 0.58
A5 26.334 217.425 7.180 1.220 23.94 0.41
A6 24.258 194.250 7.180 1.080 23.50 0.41
Columns
A7 18.808 107.512 10.000 0.650 15.82 0.40
A8 17.840 91.062 6.500 1.100 14.00 0.30
A9 30.862 198.169 12.100 1.100 16.34 0.30
A10 26.460 104.821 9.300 0.500 15.30 1.20
A11 44.704 202.552 7.900 2.600 14.26 0.40
A12 31.935 176.087 8.250 1.550 15.82 0.50
A13 16.810 90.127 10.000 0.650 14.00 0.30
A14 25.544 125.158 6.500 1.400 15.04 0.60
A15 26.155 110.095 10.350 0.650 14.00 1.00
A16 40.746 300.420 12.450 1.100 21.28 0.70
A17 50.930 196.650 6.500 3.650 14.26 0.50
A18 57.020 282.700 6.500 2.900 18.68 1.50
Table 6
The 2-bay 6-story frame: sizing design variables, bf , tf , d, tw , for the continuous
case. The final weight achieved is equal to 36487.233 lbs.
Group A S bf tf d tw
Girders
A1 22.120 161.279 8.844 0.655 22.946 0.487
A2 22.435 141.031 7.416 0.729 20.999 0.595
A3 24.568 166.428 9.133 0.722 21.317 0.572
A4 24.685 167.416 7.309 1.091 20.168 0.486
A5 25.677 187.390 10.520 0.795 20.787 0.466
A6 26.463 175.238 9.576 0.974 18.588 0.469
Columns
A7 18.159 104.310 8.423 0.618 17.494 0.476
A8 17.307 95.355 7.173 0.861 15.468 0.361
A9 21.567 165.914 7.284 1.071 21.162 0.314
A10 24.451 169.784 8.119 1.193 18.579 0.314
A11 31.299 166.471 6.500 1.701 16.753 0.688
A12 42.883 317.794 8.880 2.008 20.673 0.434
A13 22.770 158.354 9.225 0.940 18.517 0.326
A14 33.925 211.863 11.207 1.297 16.387 0.352
A15 31.443 177.047 6.968 1.990 16.016 0.309
A15 31.443 177.047 6.968 1.990 16.016 0.309
A16 41.646 215.996 10.221 1.201 16.981 1.173
A17 40.444 222.157 10.096 1.377 16.804 0.900
A18 53.668 318.511 8.312 2.009 20.203 1.253
Table 5 displays the results for the areas A, the section modulus
S and the 72 design variables bf , tf , d, and tw . Table 6 displays the
results for the areas and the sectionmodulus besides the 72 design
variables bf , tf , d and tw .
5.1.3. Discussion
From the results obtained for the discrete and continuous cases
one can observe that:
(i) The final weight equal to 34525.151 lbs for the first discrete
case (cross-section of Type1) is better than the seconddiscrete
case 36055.921 lbs (cross-section of Type 2), and this can be
justified since there are only 18 design variables against 72 in
the previous cases. The GA was not able to provide a better
solution, within the same computational budget (number of
fitness function evaluations),when exploring the larger search
space (72 variables).
(ii) the values for the final weights 36055.921 lbs and
36487.233 lbs (discrete and continuous, cross-section of Type
2, respectively) were very close to each other but the continu-
ous case should have presented a lower value than the discrete
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The 2-bay 6-story frame: results when mg = mc = 4 for the discrete and continu-
ous cases. The superscripts 1 and 2 correspond to the cross-sections of Types 1 and
2, respectively.
Section Type 1 Type 2 Type 2
Group Discrete Discrete Continuous
Girders
A1 22.4 21.603 21.516
A2 20.1 21.603 23.521
A3 20.1 21.603 21.516
A4 22.4 21.603 23.521
A5 24.7 24.624 23.521
A6 24.7 25.195 23.521
Columns
A7 17.9 17.520 20.144
A8 17.9 17.520 20.144
A9 35.3 28.567 20.144
A10 35.3 28.567 30.585
A11 35.3 38.940 30.464
A12 35.3 38.940 30.585
A13 17.9 17.520 30.585
A14 35.3 17.520 20.144
A15 35.3 28.567 30.464
A16 35.3 38.940 30.464
A17 42.7 38.940 49.511
A18 56.8 52.156 49.511
Weight 36228.245 35121.179 34651.925
one. This can be justified because there is a considerable num-
ber of sizing design variables in both cases and the search in
the continuous case is more difficult than in the discrete one1;
(iii) Another interesting detail is the occurrence of values of cross-
sectional areas with very close or even the same values –
20.0 in2 (A14 and A7) and 20.1 in2 (A1 and A2); 24.3 in2
(A4) and 24.7 in2 (A5 and A6) and; 26.50 in2 (A9 and A10)
– in the first discrete case marked in boldface in Table 4.
As a result, the question is: is it possible to find a different
member grouping that would provide better or competitive
weight results? For example, one could think of grouping the
members presenting cross-sectional areas equal to 20.0 in2
and20.1 in2 and thememberswith cross-sectional areas equal
to 24.3 in2, 24.7 in2 and 26.50 in2. A smaller number of design
variables will provide advantages in fabrication, checking,
assembling, welding, etc. The following experiments show
that the proposed special encoding supporting multiple
cardinality constraints improves the search for the ideal
member grouping in a framed structure.
5.2. The 2-bay 6-story planar frame using multiple cardinality
constraints
The 2-bay 6-story planar frame is re-analyzed setting cardinal-
ity constraints and considering the discrete and continuous cases
for the cross-sections of Types 1 and 2. For all cases, the cardinal-
ity constraints are adopted in pairs of equal values: mg = mc = 4
and mg = mc = 2. The results are presented in Tables 7 and 8,
respectively.
5.2.1. Discussion
Table 9 provides a summary of the results for the 2-bay 6-story
frame with and without (‘‘no c.c.’’) cardinality constraints. Also, in
this table the number of sizing design variables (‘‘ndv’’) and the
1 In the reviewing stage of the paper, the authors made a new experiment using
only 6 bits in the encoding of the continuous variables. That leads to a chromosome
with a search space with twice the cardinality of the discrete case. In fact, a
reduced weight of 35939.044 lbs was obtained. Also, for 200 individuals and 1200
generations the reduced weight was 35670.944 lbs and 35817.383 lbs for the
continuous and discrete cases, respectively.Table 8
The 2-bay 6-story frame: results when mg = mc = 2 for the discrete and continu-
ous cases. The superscripts 1 and 2 correspond to the cross-sections of Types 1 and
2, respectively.
Section Type 1 Type 2 Type 2
Group Discrete Discrete Continuous
Girders
A1 20.1 21.345 22.398
A2 20.1 21.345 22.398
A3 20.1 21.345 22.398
A4 24.7 22.232 22.398
A5 24.7 22.232 22.953
A6 24.7 22.232 22.398
Columns
A7 32.0 30.180 28.606
A8 32.0 30.180 28.606
A9 32.0 30.180 28.606
A10 32.0 30.180 28.606
A11 32.0 30.180 28.606
A12 51.8 46.353 44.942
A13 32.0 30.180 28.606
A14 32.0 30.180 28.606
A15 32.0 46.353 28.606
A16 32.0 30.180 44.942
A17 51.8 46.353 44.942
A18 51.8 46.353 44.942
Weight 38653.272 37187.132 36902.491
Table 9
Summary of the results of the optimization for the 2-bay 6-story frame with and
without (‘‘no c.c.’’) cardinality constraints. ndv denotes the number of sizing design
variables. The values of the weights correspond to the best run, where ndcs distinct
cross-sections were used.
Section Type 1 Type 2 Type 2
Discrete Discrete Continuous
no c.c. 34 525.151 36055.921 36487.233
ndv 18 72 72
ndcs 13 18 18
mg = mc = 4 36228.245 35121.179 34651.925
ndv 26 50 26
ndcs 7 7 6
mg = mc = 2 38653.272 37187.132 36902.491
ndv 22 34 22
ndcs 4 4 4
number of distinct cross-sections adopted (‘‘ndcs’’) are presented
for each experiment performed.
1. Cross-section of Type 1 – Discrete case.
When the cross-section of Type 1 was adopted the best value
found for the weight in the first discrete case (Table 9, column
1) was W = 34 525.151 lbs with no cardinality constraints.
The values of the cross-sectional areas that generate this
configuration are shown in Table 4. The total number of
different cross-sectional areas (girders and columns) is equal
to 13.
The solution found when mg = mc = 4 is very competitive
since the final weight found W = 36 228.245 lbs is 4.93%
heavier than the best solution (W = 34 525.151 lbs) but
the number of different cross-sectional areas to be used was
reduced from 13 to 7 (see Table 7). When one sets mg = mc =
2, the final weight found is W = 38 653.272 lbs, increasing
the weight by 11.95% with respect to the best solution (W =
34 525.151 lbs), but reducing the number of members from 13
to only 4 (see Table 8).
2. Cross-section of Type 2 – Discrete case.
When no cardinality constraints were set for the discrete case
using the cross-section of Type 2, the best value found for the
weight was W = 36 055.921 lbs. To reach this configuration
the GA used 18 distinct cross-sectional areas for the members
(see Table 5).
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It is clear that the solution found using mg = mc = 4 is better
than the solution with no cardinality constraints, i.e., W =
35 121.179 lbs (7 distinct cross-sectional areas) against W =
36 055.921 lbs (18 distinct cross-sectional areas).
Also, the solution when mg = mc = 2 can be considered an
interesting design since the final weight W = 37 187.132 lbs
is 3.14% heavier than the solution when mg = mc = 4 but
presents only 4 distinct cross-sectional areas (see Table 8). It is
easy to observe that the use of cardinality constraints leads to
adequate structural configurations with a reduced number of
distinct cross-sectional areas.
3. Cross-section of Type 2 – Continuous case.
For the continuous case, using the cross-section of Type 2
from Table 7, the best value for the final weight was W =
34 651.925 lbs using mg = mc = 4. The GA used for this case
only 6 distinct cross-sectional areas, i.e., 21.516, 23.521, for the
girders and 20.144, 30.464, 30.585 and 49.511 for the columns.
When no cardinality constraints were imposed, the GA found
a final weight W = 36 487.233 lbs leading to a structural
configuration presenting 18 distinct cross-sectional areas of
the members (see Table 6). Again, the use of the cardinality
constraints provides excellent results for this continuous case,
i.e., W = 34 651.925 lbs (6 distinct cross-sectional areas)
againstW = 36 487.233 lbs (18 distinct cross-sectional areas).
Setting mg = mc = 2 and considering the continuous
case, the best value found for the final weight was W =
36 092.491 lbs increasing 1.14% with respect to the weight
(W = 36 487.233 lbs) achievedwhenno cardinality constraints
were adopted.
For all results found in this experiment, a population of 100
individuals evolving for 800 generations was used. Figs. 6 and 7
show the trade-off between the final weight and the number of
distinct cross-sectional areas.
From Table 9 and Fig. 6 one can observe that the final values
found for the discrete and continuous cases using the cross-
section of Type 2 –without cardinality constraints – 36055.921 lbs
and 36487.233 lbs, respectively, are worse than those found
considering mg = mc = 4. This is due to the larger search
space (a larger ndv), specially in the continuous case. In order to
reach competitive values for the final weight for both the discrete
and continuous cases, the population size was increased to 200
individuals evolving for 12000 generations thus increasing the
computational budget 30 times. The final weight achieved for the
discrete case was W = 33 681.983 lbs. For the continuous caseFig. 7. The trade-off between weight and number of distinct cross-sectional areas
for the 2-bay 6-story planar frame considering an augmented number of function
evaluations for the discrete and continuous cases without cardinality constraints.
Table 10
The 2-bay 6-story frame: discrete case using the cross-section of Type 2, a
population size equal to 200, and 12000 generations. The final weight achieved is
equal to 33681.983 lbs.
Group A S bf tf d tw
Girders
A1 19.435 140.541 8.080 0.68 21.960 0.41
A2 19.971 137.000 7.000 0.88 20.420 0.41
A3 21.876 157.907 10.960 0.64 20.420 0.41
A4 22.440 165.545 9.340 0.74 21.520 0.43
A5 23.725 193.539 9.160 0.80 23.720 0.41
A6 24.266 193.161 11.500 0.68 22.400 0.41
Columns
A7 26.400 107.564 12.100 0.50 14.000 1.1
A8 18.345 82.951 8.250 0.65 14.000 0.6
A9 22.309 162.865 13.150 0.65 18.680 0.3
A10 24.880 153.096 10.000 0.95 16.600 0.4
A11 32.140 178.543 8.600 0.80 19.980 1.0
A12 35.820 179.236 6.500 1.70 17.120 1.0
A13 10.556 52.525 6.500 0.50 14.520 0.3
A14 17.172 127.356 11.400 0.50 20.240 0.3
A15 23.640 130.920 12.450 0.80 14.000 0.3
A16 37.205 165.903 6.850 2.45 14.000 0.4
A17 40.495 236.914 8.250 2.15 16.850 0.4
A18 58.372 250.360 11.750 1.10 16.340 2.3
the final weight found was W = 35 223.259 lbs. Tables 10 and
112 detail these results and Fig. 7 shows the new trade-off for this
case. One can observe that the final weight for the discrete case
is better than the previous one (mg = mc = 4), using a smaller
computational budget, and also canobserve thedifficulty in finding
a better value in the continuous case. Table 12 clarifies the situation
by showing how the size of the search spaces grow, specially due
to the number of bits used to discretize the continuous design
variables in a standard binary-coded GA.
Fig. 8 presents diagrams of the final solutions for the 2-bay
6-story frame, using mg = mc = 2 and mg = mc = 4.
The introduction of the cardinality constraints in order to perform
member grouping by means of a special GA encoding has been
shown to be an efficient tool to reach desirable, and sometimes
non-traditional but effective, structural configurations.
5.3. The 4-bay 30-story frame
The special encoding supporting multiple cardinality con-
straints is applied now to a 4-bay 30-story frame depicted in Fig. 9.
2 A final weight equal to 35469.466 lbs was reached using 6 bits for each design
variable with this same budget.
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The 2-bay 6-story frame: continuous case using the cross-section of Type 2, a
population size equal to 200, and 12000 generations. The final weight achieved is
equal to 35223.259 lbs.
Group A S bf tf d tw
Girders
A1 20.666 139.211 7.003 0.704 22.416 0.514
A2 21.596 155.980 7.029 0.971 21.318 0.410
A3 22.542 149.814 8.578 0.820 19.590 0.472
A4 23.044 188.816 7.142 0.961 24.641 0.410
A5 26.972 201.271 11.644 0.759 21.070 0.475
A6 23.793 188.277 11.349 0.668 22.390 0.410
Columns
A7 22.989 125.675 6.543 0.710 19.970 0.738
A8 16.911 122.642 8.365 0.583 21.564 0.351
A9 28.905 100.202 6.686 0.520 15.567 1.511
A10 27.579 170.877 7.418 1.028 20.045 0.685
A11 29.219 211.234 8.519 1.165 20.930 0.504
A12 38.678 191.178 6.893 0.736 21.572 1.420
A13 27.169 84.980 6.500 0.500 14.160 1.571
A14 18.073 107.266 7.648 0.786 17.012 0.391
A15 24.461 118.373 6.526 1.543 14.004 0.395
A16 33.169 184.555 11.830 0.663 18.792 1.001
A17 41.354 179.837 9.204 1.572 14.120 1.132
A18 53.841 213.697 12.587 0.751 15.983 2.413
There is only one load condition with horizontal loads in the pos-
itive x direction at the nodes in each story as follows: from story
1 to story 5, a load equal to 0.5 kip; from story 6 to story 10,
1.0 kip; from story 11 to story 15, 1.5 kips; from story 16 to story
20, 2.0 kips; from story 21 to story 25, 2.5 kips and, finally, from
story 26 to story 30, 3.0 kips. A uniform distributed load equal to
0.2 kips/in is applied to all girders. The sizing design variables are
previously linked in 30 groupswhere 15 correspond to the columns
(1 group for each 2 stories), and 15 to the girders (1 group for each
2 stories). The constraints, the material properties and the searchspaces for the discrete and continuous cases are the same as that
of the previous experiment (2-bay 6-story planar frame). Table 13
shows the number of design variables ndv and the correspond-
ing chromosome length lchrom for each case in the 4-bay 30-story
frame.
Table 14 provides the results for the discrete (cross-sections
of Types 1 and 2), and continuous (cross section Type 2) cases
with no cardinality constraints. The best result found for the set of
experiments displayed in Table 14 points to the discrete case (third
column, 399335.64 lbs) when a subset of the AISC tables was used
for the cross-section of Type 1.
Table 15 shows the results for the discrete and continuous cases,
using the cross-sections of Types 1 and 2, for the cases whenmg =
mc = 2,mg = mc = 4,mg = 4,mc = 2 andmg = 2,mc = 4.
For the discrete case using the cross-section of Type 1, the best
weight wasW = 421 307.76 lbs corresponding to 6 distinct cross-
sectional areas, i.e., 83.3, 68.5, 42.7 and 32.0 in2 for the columns
and 16.2 and 18.2 in2 for the girders.
The best weight found isW = 419 184.969 lbs, obtained when
mc = mg = 4 in the continuous case, where seven distinct cross-
sectional areas are used (80.858, 74.432, 55.865 and 35.957 in2 for
the columns and 18.396, 18.580 and 19.199 in2 for the girders).
For the discrete case using the cross-section of Type 2, the best
value found for the final weight was W = 421 306.863 lbs when
mc = 4,mg = 2. Six distinct cross-sectional areas were assigned,
i.e., 82.675, 59.052, 48.585 and 19.876 in2 for the columns and
18.045 and 18.571 in2 for the girders.
All of these best results are displayed in boldface in Table 15.
From these results the best solutions point to the use ofmultiple
cardinality constraints with mc = 4,mg = 2. As expected,
the values of the axial forces increase significantly from the top
(last story) to the bottom (ground story). As a result, it is possible
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Number of design variables ndv and the corresponding chromosome length lchrom for each case of the 2-bay 6-story frame.
mc = 2 mc = 4 No c.c.
mg = 2 mg = 4
Disc1 Disc2 Cont2 Disc1 Disc2 Cont2 Disc1 Disc2 Cont2
ndv 22 30 30 26 50 50 18 72 72
lchrom 48 98 258 76 192 540 270 360 1080Fig. 9. The 4-bay 30-story frame.
Fig. 10. A diagram of the final solutions for the 4-bay 30-story frame, using mg =
mc = 2, on the left-hand side andmg = mc = 4 on the right-hand side of the figure.
to choose a configuration that better suits this variation of axial
forces by selecting mc > mg , since this variation along the storiesTable 13
Number of design variables ndv and the corresponding chromosome length lchrom
for each case in the 4-bay 30-story frame.
mc = 2 mc = 4
mg = 2 mg = 4
Disc1 Disc2 Cont2 Disc1 Disc2 Cont2
ndv 34 46 46 38 62 62
lchrom 50 110 270 100 220 540
mc = 4 mc = 2
mg = 2 mg = 4
Disc1 Disc2 Cont2 Disc1 Disc2 Cont2
ndv 36 54 54 36 54 54
lchrom 75 165 405 75 165 405
mc = 6 No c.c.
mg = 2
Disc1 Disc2 Cont2 Disc1 Disc2 Cont2
ndv 38 62 62 30 120 120
lchrom 100 220 540 150 600 1800
Table 14
Results for the 4-bay 30-story frame without cardinality constraints.
Section Type 1 Type 2 Type 2
Group Discrete Discrete Continuous
A1 83.3 85.570 88.820
A2 75.6 75.690 73.287
A3 68.5 76.820 66.877
A4 62.0 68.392 62.839
A5 62.0 61.530 60.288
A6 56.8 52.932 57.651
A7 51.8 48.890 51.258
A8 46.7 48.534 50.671
A9 46.7 40.752 41.405
A10 38.8 38.170 44.208
A11 32.0 30.965 31.402
A12 26.5 28.614 27.475
A13 21.8 34.900 31.335
A14 21.8 18.402 28.026
A15 20.0 14.873 21.979
A16 14.7 21.798 20.795
A17 16.2 22.159 21.380
A18 16.2 21.792 21.807
A19 16.2 19.494 18.685
A20 18.3 19.222 19.551
A21 18.2 20.680 26.895
A22 18.3 19.329 21.255
A23 20.0 19.092 18.467
A24 30.6 21.415 25.132
A25 20.0 19.368 21.743
A26 21.5 18.718 19.548
A27 16.2 21.748 19.696
A28 18.2 21.182 18.773
A29 27.7 19.182 22.366
A30 16.2 22.810 25.181
W (lbs) 399335.64 413570.341 425029.406
ndcs 20 30 30
is not present in the girders. One can note (Table 15) the small
differences between the values of the cross-sectional areas of the
girders obtained in all cases.
Additional experiments were then performed in order to
check increasing values of cardinality constraints for the columns.
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Results for the 4-bay 30-story frame.
Group Disc1 Disc2 Cont2 Disc1 Disc2 Cont2 Disc1 Disc2 Cont2 Disc1 Disc2 Cont2
mc = 2 mc = 2 mc = 2 mc = 4 mc = 4 mc = 4 mc = 4 mc = 4 mc = 4 mc = 2 mc = 2 mc = 2
mg = 2 mg = 2 mg = 2 mg = 4 mg = 4 mg = 4 mg = 2 mg = 2 mg = 2 mg = 4 mg = 4 mg = 4
A1 83.3 82.836 79.159 83.3 82.400 80.858 83.3 82.675 82.297 83.3 83.766 80.899
A2 83.3 82.836 79.159 83.3 73.464 74.432 83.3 82.675 82.297 83.3 83.766 80.899
A3 83.3 82.836 79.159 83.3 73.464 74.432 68.5 82.675 65.669 83.3 83.766 80.899
A4 83.3 82.836 79.159 83.3 60.628 74.432 68.5 82.675 65.669 83.3 83.766 80.899
A5 83.3 82.836 79.159 83.3 60.628 74.432 68.5 59.052 65.669 83.3 83.766 80.899
A6 83.3 82.836 79.159 56.8 60.628 55.865 68.5 59.052 55.438 83.3 83.766 80.899
A7 83.3 82.836 79.159 56.8 60.628 55.865 68.5 48.585 55.438 51.8 83.766 45.861
A8 46.7 44.272 43.43 56.8 60.628 55.865 68.5 48.585 55.438 51.8 42.310 45.861
A9 46.7 44.272 43.43 56.8 60.628 55.865 42.7 48.585 55.438 51.8 42.310 45.861
A10 46.7 44.272 43.43 56.8 37.486 35.957 42.7 48.585 55.438 51.8 42.310 45.861
A11 46.7 44.272 43.43 56.8 37.486 35.957 32.0 48.585 55.438 51.8 42.310 45.861
A12 46.7 44.272 43.43 26.5 37.486 35.957 32.0 48.585 23.758 51.8 42.310 45.861
A13 46.7 44.272 43.43 21.8 37.486 35.957 32.0 19.876 23.758 51.8 42.310 45.861
A14 46.7 44.272 43.43 21.8 37.486 35.957 32.0 19.876 23.758 51.8 42.310 45.861
A15 46.7 44.272 43.43 21.8 37.486 35.957 32.0 19.876 23.758 51.8 42.310 45.861
A16 16.2 17.619 18.071 16.2 18.833 18.396 16.2 18.571 18.564 14.7 17.959 18.889
A17 16.2 17.619 18.071 17.6 18.833 18.580 16.2 18.045 18.564 16.2 17.959 17.750
A18 16.2 17.619 18.071 16.2 18.833 18.396 16.2 18.045 18.564 16.2 17.959 17.750
A19 16.2 17.619 18.071 17.6 19.652 18.396 16.2 18.045 18.564 16.2 17.959 18.889
A20 18.2 17.619 18.071 18.2 17.724 18.396 18.2 18.045 18.564 18.2 17.959 18.889
A21 18.2 17.619 18.071 17.6 19.652 18.580 18.2 18.571 18.564 18.2 17.959 17.750
A22 18.2 17.619 18.071 18.2 18.833 18.580 18.2 18.571 18.564 18.2 17.959 17.750
A23 18.2 17.619 18.071 18.2 18.833 19.199 18.2 18.571 18.564 18.2 17.959 18.889
A24 18.2 17.619 18.071 18.2 18.833 18.396 18.2 18.571 18.564 18.2 17.959 17.750
A25 18.2 17.619 18.071 18.2 18.833 18.396 18.2 18.571 18.564 18.2 18.209 18.889
A26 18.2 17.619 18.071 18.2 18.833 18.396 18.2 18.571 18.564 18.2 18.209 18.889
A27 18.2 17.619 18.071 16.2 18.833 18.396 18.2 18.571 18.282 18.2 17.959 17.750
A28 18.2 17.619 18.071 16.2 17.724 18.396 18.2 18.045 18.564 18.2 17.959 18.889
A29 16.2 17.619 18.071 18.2 19.652 18.396 16.2 18.571 18.564 16.2 17.959 18.889
A30 16.2 17.619 18.071 16.2 17.724 18.396 16.2 18.045 18.564 16.2 17.959 17.750
W (lbs) 466712.28 460799.436 454810.819 430313.952 430819.331 428390.805 421307.76 421306.863 419184.969 469055.52 460720.622 454630.135
ndcs 4 4 3 7 7 7 6 6 6 5 4 4Table 16 presents such experiments considering mc = 6 and
mg = 2. The best final weight achieved is:W = 410 678.28 lbs for
the discrete case with cross-section of Type 1 using seven distinct
cross-sectional areas, W = 415 540.55 lbs for the discrete case
considering the cross-section of Type 2 employing eight distinct
cross-sectional areas, and, finally, W = 428 445.931 lbs for the
continuous case with seven distinct cross-sectional areas.
It should be noted that the best value for the continuous
case was found using 150 individuals in the population and
2000 generations which corresponds to a doubled budget when
compared to the one used in the other experiments (100
individuals× 1500 generations).
Table 13 indicates the size of the search spaces for all cases
considered in the 4-bay 30-story frame example.
Those additional experiments reached the best results among
all the analysis performed for the structural optimization of the 4-
bay 30-story frame considering cardinality constraints.
If one prefers to use the lighter structural configuration with
W = 399 335.64 lbs (as displayed in Table 14) twenty distinct
cross-sectional areas must be used. Otherwise, it is possible to use
only eight distinct cross-sectional areas with a final weight equal
toW = 410 678.28 lbs, only 2.84% heavier.
In order to illustrate examples of final structural configurations
presented in Table 15, Fig. 10 sketches a diagram of the final
solutions for the 4-bay 30-story frame, using mg = mc = 2, on
the left-hand side and mg = mc = 4 on the right-hand side.
Fig. 11 presents a diagram of the final solutions for the 4-bay 30-
story frame, using mg = 4 and mc = 2, on the left-hand side
and mg = 2 and mc = 4 on the right-hand side. Both diagrams
correspond to the discrete cases using cross-section of Type 1. Also,
Fig. 12 presents the final solutions for the 4-bay 30-story frame,Fig. 11. A diagram of the final solutions for the 4-bay 30-story frame, usingmc = 2
and mg = 4, on the left-hand side and mc = 4 and mg = 2 on the right-hand side
of the figure.
usingmc = 6 andmg = 2, for the discrete case using cross-sections
of Types 1 and 2.
It has been observed that, sometimes, counter-intuitive solu-
tions appeared in the final designs of the experiments discussed
in this paper. For example, structural configurations show larger
sized members on the upper stories of the structure. It is possible
to avoid an upper column presenting a greater cross-sectional area
by adding a specific constraint to check it. Such a constraint could
be satisfied during the decoding stage, actually ‘‘repairing’’ the can-
didate solution. However, the focus of this paperwas on the special
encoding enabling multiple cardinality constraints.
444 A.C.C. Lemonge et al. / Engineering Structures 33 (2011) 433–444Fig. 12. A diagram of the final solutions for the 4-bay 30-story frame, usingmc = 6
andmg = 2, for the discrete case using cross-section of Type 1, on the left-hand side
and for the discrete case using cross-section of Type 2, on the right-hand side of the
figure, respectively.
6. Conclusions
A genetic algorithm encoding has been proposed which is able
to automatically enforce multiple cardinality constraints arising
when the set of distinct values of the design variables must be a
subset, of low cardinality, of a larger set of available items.
Structural optimization problems with discrete and continuous
sizing design variables can be dealt with and reasonable results
have been found in the numerical experiments performed using
the proposed encoding.
Multiple cardinality constraints also reduce, in a structurally
sensible way, the size of the search space, which usually facilitates
the task of the optimizer algorithm, potentially leading to a
solution which is better than the one obtained (within a fixed
computational budget) in a larger search space.
The proposed GA encoding is able to guide the designer to find
better or competitive solutions avoiding the introduction of an ‘‘a
priori’’ intuitive variable linking. Instead, the designer introduces
only a cardinality upper bound leaving the GA to search for a
good variable linkingwhile automatically satisfying the cardinality
constraint. The results presented in this paper have shown that
competitive values of weight can be found using the special
GA encoding thus favoring the costs of fabrication, checking,
assembling and welding which are usually not included in the cost
function due to the inherent difficulty in its quantification and
aggregation with the material cost.
The encoding proposed here is immediately applicable to more
complex real world structural optimization problems, as well as
to other optimization problems, where it is desirable to enforce
multiple cardinality constraints on the set of distinct values of the
(continuous, discrete or mixed) design variables.
Also, it is important to consider that the innovative use
of multiple cardinality constraints proposed in this paper, in
comparison with the others presented in [8,2], provides, by means
of a new GA encoding, the use of different values of cardinality in
a given design problem. In the examples discussed here, distinct
values ofmg for girders andmc for columns were supported in the
same steel frame structural optimization problem.
It should also be noted that the proposed encoding is general
and can be used with binary or integer representations, as
well as easily implemented in different variants of evolutionary
algorithms.
The proposed encoding is a useful addition to a designer’s op-
timization toolbox as the evolutionary optimization algorithm canTable 16
Results for the 4-bay 30-story frame usingmc = 6 andmg = 2.
Section Type 1 Type 2 Type 2
Group Discrete Discrete Continuous
A1 83.3 82.594 81.368
A2 75.6 82.594 81.368
A3 68.5 71.280 81.368
A4 68.5 71.280 63.584
A5 68.5 57.262 63.584
A6 68.5 57.262 57.280
A7 51.8 57.262 57.280
A8 51.8 57.262 51.545
A9 51.8 57.262 38.710
A10 38.8 35.663 38.710
A11 38.8 30.618 38.710
A12 38.8 30.618 38.710
A13 21.8 30.618 38.710
A14 21.8 30.618 38.710
A15 21.8 13.200 38.710
A16 18.3 19.354 18.577
A17 18.3 17.397 18.577
A18 18.3 17.397 18.577
A19 18.3 19.354 18.577
A20 18.3 19.354 18.577
A21 18.3 19.354 18.577
A22 18.3 19.354 18.577
A23 18.3 19.354 20.123
A24 18.3 19.354 18.577
A25 18.3 19.354 18.577
A26 18.3 19.354 18.577
A27 18.3 19.354 20.123
A28 18.3 19.354 20.123
A29 18.3 19.354 18.577
A30 18.3 19.354 18.577
W (lbs) 410678.280 415540.550 428445.931
ndcs 7 8 7
simultaneously perform automatic member grouping, and enforce
multiple cardinality constraints that lead to real economies, de-
rived from the use of a smaller rather than a larger number of sizes,
which are difficult to quantify otherwise.
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